BOUNDARY LIMITS OF GREEN POTENTIALS
OF GENERAL ORDER YOSHIHIRO MIZUTA ABSTRACT. Our aim in this note is to discuss the boundary limits of Green potentials in a half-space of the n-dimensional euclidean space. As a corollary, our result below includes the recent result of Stoll [5] concerning the boundary limits of superharmonic functions along curves tending to the boundary.
In the half-space D = {x = (*i,..., x"); x" > 0}, n > 2, let Ga be the Green function of order a, that is, Gap(x) = / Ga(x,y)dp(y).
Jd
Then it is noted (see, e.g. [ where Ej = {x = (xx,... ,x") E E;2~] < xn < 2~:i+l}. Our aim in this note is to establish the following result.
THEOREM. Let p be a nonnegative measure on D satisfying (1) . Then there exists a set E C D, which is a-thin at dD, such that COROLLARY. Let n = a = 2 and let p be a nonnegative measure on D satisfying (1). If 7(f), 0 < f < 1, is a bounded curve in D for which there is a sequence {tj} such that f(tj) tends to the boundary, then liminft_i 72(f)G2/i(7(f)) = 0, where
This corollary was first proved by Stoll [5] for Green potentials in a unit disc, and it is an easy consequence of our theorem if one notes that 7 is not 2-thin at dD (see Lemma 4 below).
Proof of the Theorem. Write Gap = ui + u2, where ui(x) = / Ga(x,y)dp(y),
u2(x) = I Ga(x,y)dp(y);
here B(x, r) denotes the open ball with center at x and radius r. We first prove that Ga(x, y) < Mxnyn\x-y\a~n~2 for any x and y in D, where M is a positive constant. We shall give a proof only in the case a < n. Let t -\x -y\/\x -y\ and write Ga(x,y) = \x-y\a-n(tn-a-l). Then D'. c {y E D; 2~^~l < yn < 2'^+2}. If x E E3 n D', then
JD' dp(y),
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use so that CGa (Ej n D1) < 2a,2(^ + 1H"-Q> / yn dp(y). Jd' j Hence, since I^ = i aj fD, yn dp(y) < oo by (2), it follows that E C\ D' is a-thin at ¿97?. Clearly, lim x"-Q+1wi(x) = 0.
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We now find a sequence {m(j)} of positive integers such that
is a-thin at dD. Then F satisfies all the conditions required on E in the theorem, and hence the proof of the theorem is completed.
To prove the corollary, we prepare several lemmas.
LEMMA l. For r > 0 and E C D, set rE = {rx; x E E}. Then
CGa(rE)=rn-aCGa(E).
This lemma follows readily from the fact that Ga(rx,ry) -ra~nGa(x,y) whenever r > 0 and x,y E D.
For a set E in the upper half-plane D, denote by E* the projection of E to the half-line / = {(0,x2);x2 > 0}.
LEMMA 2. For a set E in the upper half-plane, we have
CGa(E*)<CGa(E).
PROOF. For a point z = (zi,z2), let z* = (0,z2)-Since Ga(x,y) < Ga(x*,y*) whenever x,y e D, we obtain j Ga(x* Gap(x) < J Ga(x*,y*)dp(y) < Gap*(x*) for a nonnegative measure p on D, where p*(A) = p({x;x* E A}) for a Borel set A El. Thus the required assertion follows readily from the definition of capacity CGa-LEMMA 3. If 1 < a < 2, then I is not a-thin at dD.
PROOF. For a nonnegative integer j, set l3 = {(0,f);2~J < t < 2~J + 1}. Then CGa(lj) -2~^2~a^C'Ga(lo) on account of Lemma 1. Hence it suffices to show that CGa(lo) > 0 in case 1 < a < 2. Suppose 1 < a < 2. We first note that u(y) = f0 Ga((0, x2), y) dx2 is a bounded and continuous function of y e D, so that u(y) < M for any y E D with a positive constant M. If p is a nonnegative measure on D such that Gap(x) > 1 for every x Elo, then p(D) > M~l f u(y)dp(y) > M"1 / Gap((0,x2))dx2 > M~l.
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Hence it follows that C7Ga(/0) > M"1 > 0.
yoshihiro mizuta LEMMA 4. Let 7 be a bounded curve in the upper half-plane D. If the closure of 7 in the plane has a point on dD, then 7 is not a-thin at dD when 1 < a < 2.
This lemma is an easy consequence of Lemmas 2 and 3. Next we are concerned with the best possibility of our theorem as to the size of the exceptional sets.
PROPOSITION. Let E be a bounded set in D. If E is a-thin at dD, then there exists a nonnegative measure p on D satisfying (1) To prove that CGn(E) < 00 implies the n-thinness of E at dD, let p be a nonnegative measure on D such that p(D) < 00 and Gnp(x) > 1 for any x e E. As in the proof of the Theorem, write Gnp = tti + tt2. Since p(D) < 00 and Gn(x, y) remains bounded when |x -y\ > xn/2, we see, as in the proof of the Theorem, that limIn_>ou2(x) = 0. Hence, if 3 is sufficiently large, then ui(x) > 1/2 for x e Ej.
This implies that
CGn(E3)<2¡ dp(y).
J{veD;2-J-'<s/"<2-J + 2}
Thus it follows that E is n-thin at dD. Since CGn is countably subadditive, it is clear that the n-thinness of E at dD implies CGn (E) < 00. This example will show the best possibility of our Theorem as to the order of infinity. REMARK 3. In view of the proof of the Theorem, we can prove that for a nonnegative measure p on D satisfying (1), there exists a set E C D which is a-thin at dD and satisfies lim x"-Q+1(l + |x|)a-n-2GQ/i(x) = 0.
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